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ABSTRACT 
If a simple transformation 0 is a product of two involutions, then a is a reflection 
or a transvection. This property is still true for matrices over skewfields. It will be 
used to show that a criterion for the decomposability of a matrix into two involutions, 
which is known for matrices over commutative fields, is no longer true if the entries 
of the matrix are taken from a skewfield. Another consequence is that the special 
linear group of a vector space over the field K is not bireflectional if K is not 
commutative. 
1. INTRODUCTION 
A linear transformation a of a finite-dimensional vector space V over a 
commutative field K is a product of two involutory transformations of V if 
and only if 71 is similar to n - ‘. This theorem has been proved in 1966 [lo], in 
1967 [3], in 1971 [8], and in 1975 [2]. 
The main purpose of this note is to point out that the above theorem is 
no longer valid for vector spaces over noncommutative fields. We shall do 
that by constructing an example of a simple transformation that is similar to 
its inverse but that is neither a reflection nor a transvection (Lemma 2). 
Then we show that every simple transformation that is a product of two 
involutions is necessarily a reflection or a transvection (Lemma 3). 
Lemma 3 also gives a convenient tool for spotting groups that cannot be 
bireflectional, since it gives a strong restriction on the simple elements in 
bireflectional groups. A group G is bireflectional if every element in G is a 
product of two reflections in G. For instance, the orthogonal group is 
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[lo], and the symplectic group is not bireflectional [5]. In Sec. 
3 we shall see that the special linear group SL(K2) is bireflectional if K is 
commutative. As a consequence of Lemma 3 we get that SL(V) is not 
bireflectional if V is any vector space over K and K is not commutative. 
For K#GF(Z), GF(3), L emma 3 obviously implies that the general linear 
group GL( V) is not bireflectional. 
2. A COUNTEREXAMPLE 
Let V be a vector space over an arbitrary (not necessarily commutative) 
field and of arbitrary (not necessarily finite) dimension. The dual space of V 
willbedenotedbyV*.Let?rEGL(V);thenthespaceF(~)={xEV:Ic”=x} 
is called the fix of 7, and B(r)={r”-x:xEV}’ is called the path of 72. 
Clearly, F(?r-‘)=F(m) and B(a-‘)=B(n). 
A transformation u E GL( V) will be called simple if codimF(a) = 1. Then 
dim I?( a) = 1. If o is a simple transformation in the general linear group, then 
there are rev and I/.JEV* such that a:x-+x+x% and @# -1. We shall 
put 1+r+= E. If K is commutative, then E is the determinant of (I. The 
representation of IJ is not unique; clearly, also a : x-+x + b’r’, where $’ = 
$4 - ’ and r’ = hr for any X E K \ { 0} . Therefore, E = I+ d’ is only determined 
up to conjugates. 
Among the simple transformations are reflections and transvections, 
characterized by E = - 1 and E = 1, respectively. Every reflection is involu- 
tory. For a transvection r E GL( V) we have B(r) c F(T). 
Let o:r+x+x~r, where rEV, $JEV*, and r$#-1. Put l+r$=.s,. 
Then a calculation shows that 
u-l:x-+x-x~&-l 
0 r 
and 
‘Cf. [4] and [Q] for properties of B(n) and F(a). 
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LEMMA 1. Assume K is commutative. Let P,U EGL( V), and let CJ be 
simple. Zf u-l = T -‘aa, then o is either a reflection or a transvection. 
Proof. The element e,, is uniquely determined. Therefore, we get ei i = 
e,u n 
This lemma is no longer true for noncommutative fields. We shall denote 
the field of quatemions by W. 
LEMMA 2. Let V be a vector space over E-U. Then there is a simple 
transformation which is conjugate to its inverse and which is neither a 
reflection nor a transvection. 
Proof. As usual, we shall denote the generators of the quatemions by 1, 
i, i, k, and we shall assume that the reader is familiar with the rules of 
calculation in W, e.g., i2 = i2 = k2= - 1, ii = k = - ii, etc. Let r E V and 
4 E V* such that rq = 1. Put u ~:x--+x+x~arforallaEW\{-l}.Allu,form 
a group Z. Then ua+.sOm = 1 + (Y is an isomorphism of Z onto the multiplica- 
tive group W\(O). If ~=a,_~ and T=u~_~, then r-lur=u_i_-l=u-l and 
e,=i#l, -1. n 
Let us assume for a moment that K is commutative. If p is an involution, 
then (det p)” = 1. Th ere f ore, if r is a product of involutions, then (detm)‘= 1. 
This remark supplies a quick proof for the following result if K is commuta- 
tive. 
LEMMA 3. Let V be a vector space over a field K. Let p1 and pz be two 
involutions. Zf the product plpz = u is simple, then u is a reflection or a 
transvection. 
Proof. First, consider the case that F(u) + F(p,) = V. Then B(p,) = B(p,u) 
= WP,) + B(o). 
If B(o) c B(P,), then B(P,) = B(P,); h ence B(u) c F(u). Consequently, u is 
a transvection. 
If B(u) 12 B(p,), then B(p,) = B(p,) EJ B( a). Let x E B(u); then x” = xplpz = 
(x + y)p*, where y E B(p,). Hence r” = - x - y; thus y E B(u) n B(p,) = (0). 
Therefore, x0= - x, i.e., u is an involution. 
Second, we consider that F(u) + F(p,) = V. Then an argument analogous 
to that above yields the desired result. 
Finally, we consider that F(u) + F(pJ #V for i = 1,2. Then F(p,) c F(u). 
If char K = 2, then B(u) c B(p,) + B(p,) c F(p,) + F(p,) c F(u). Hence u is a 
transvection. 
If charK22, then V= B(pi)@F(pi). Let UE V; then u = u,+ o;, where 
u1 E B(p,), vi E F(p,). Hence up’ = - u1 + u; = u2 + u;, where u2 E B(p,), us! E 
F(p,). Now we get u 0 = up1p2 = ( u2 + u,‘Jpz = - u2 + u; = u2 + u; - 2u, = - u1 + 
u; - 2u, = u - 2(u, + u,J. Hence u1 + uo2 E B(a). We have u1 + u2 = u; - ~4. If 
u1 + u2 = 0 for all u E V, then u is the identity. Hence we have ul + u2 # 0. 
Therefore, B(a)= K(u, + u,)= K(u; - uL)C I$,)+ F(p,)C F(a). Conse- 
quently, u is a transvection n 
A transvection 7 is a product of two involutions, even of two simple 
involutions having the same path as r, unless dim V= 2 and K = GF(2). Also, 
a reflection p is a product of two involutions; namely, if u is a reflection such 
that B(p) c F(u) and B(u) c F(p), then pa is an involution and p = (pu)u. 
If 71 is a product of two involutions (r =p1p2, where p1 and pz are 
involutions), then 7~ -l= pzpl = p&&p2 = p; ‘7rpg. Therefore, 77 is similar to 
its inverse. This statement is clearly true for any group. The converse is Still 
true for linear transformations of finite-dimensional vector spaces over 
commutative fields. From Lemmas 2 and 3 we see that the assumption about 
the commutativity of the field cannot be dropped in general. 
3. THE 2-DIMENSIONAL SPECIAL LINEAR GROUP 
We obtain from [6], Corollaries 8 and 9 (for char K = 2 and char K 22, 
respectively), that the special linear group SL(K’) is bireflectional if K is 
commutative and K#GF(2). If K is not commutative, let u : x+x+ x%, 
whererEVand$EV*suchthat l+r$==AEK\{O,l,-1)isacommutator. 
Such X exist in every noncommutative field. Then u E SL( V) by [ 11, Theorem 
4.3, p. 156, and u is neither a reflection nor a transvection. Now Lemma 3 
implies that SL( V) is not bireflectional for any vector space V over K. 
We have proved 
LEMMA 4. SL(K2) is birejlectional if and only if the field K is corn- 
mutative and K # GF(2). 
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